A variationally consistent eddy viscosity discretization is presented in [W.J. Layton, A connection between subgrid scale eddy viscosity and mixed methods, Appl. Math. Comput. 133 (2002) 147-157] for the stationary convection diffusion problem. This discretization is extended to the evolutionary problem in [N. Heitmann, Subgridscale stabilization of time-dependent convection dominated diffusive transport, J. Math. Anal. Appl. 331 (2007) 38-50] with a near optimal error bound. In the following, we couple this discretization with the porous media problem. We present a comprehensive analysis of stability and error for the velocity field derived from the porous media problem. Next, using a backward Euler approximation for the time derivative we follow the inherited error in velocity through the coupling with the convection diffusion problem. The method is shown to be stable and the error near optimal and independent of the diffusion coefficient, .
Introduction
Consider the porous media problem (or Darcy's problem): find (u, p) such that −∇ · (k∇ p) = g, u = −k∇ p. (1) In this equation, u represents the convection field of a fluid through a porous medium, p is the pressure, k represents the relative permeability, and g is a source term.
The associated evolutionary convection diffusion problem is: find φ such that
where φ is a scalar quantity modeling some characteristic of a fluid flow such as temperature or concentration level, is a diffusion coefficient, c is an absorbtion/reaction coefficient, and f is a forcing function. The coupling of the porous media problem with the convection diffusion problem is of great importance in a wide array of applications. Any situation in which one is concerned with a scalar quantity associated with a flow through a porous medium is pertinent. Applications include oil recovery, the tracking of contaminants in groundwater flow, and nuclear waste storage among many others.
Theoretically speaking, this coupling is rather straightforward. Darcy's problem is solved to obtain a convection field, u, and then the convection field is used in the convection diffusion problem to obtain a concentration level, φ. This coupling is unidirectional in that the computed value of φ plays no part in determining u.
From the computational aspect, a full error analysis of the coupled system requires two components. First, we determine a bound on the error in the approximation, u h , of u through whatever numerical method is used to solve Darcy's problem.
Next, we must follow this inherited error and its effects through the analysis of the error in approximating the concentration level, φ via the solution method for solving the convection diffusion problem. For Darcy's problem we use the Galerkin approximation to obtain u h . For the convection diffusion problem we follow a thread of recent results of Guermond [2] , Layton [11] , and Heitmann [4] . The fundamental difficulty in this type of modeling arises from the interplay of convection, a large scale result of fluid velocity, and diffusion, which acts on small scales via Brownian motion. Specifically, the inequality |u|h/ 1 frequently results in solutions displaying numerical instability around boundary or interior layers. Even in the absence of the porous media, the usual Galerkin numerical discretization is known to be unstable for convection dominated problems (see, e.g., Guermond [2, 3] , Hughes [5] and the references therein). A wide variety of stabilization methods have been developed in an effort to gain stability while maintaining solution quality (see Codina [1] for a survey of some common methods). One branch of techniques have been the multiscale methods of Hughes et al. [5] [6] [7] [8] and Guermond [2, 3] among others, which have added stability by augmenting the solution space with bubble functions.
In particular, the method of Guermond creates a composite space via the direct sum of a large scale finite element space, X and a space composed of bubble functions, X . This paper seeks to move the efforts of Layton and Heitmann forward in a next logical step by coupling the eddy viscosity discretization of their work to the porous media problem. We turn to a backward Euler time discretization to simplify some of the computation and notation however the results would translate easily to the Crank-Nicolson method or any other higher order methods.
In Section 2 we briefly describe notation used and a few established results. We also present the method to be studied. Section 3 states and proves results for Darcy's problem. In particular, stability is established and a bound on the approximation error for the convection field is determined. In Section 4, a comprehensive analysis of stability and the error associated with approximating φ through the convection diffusion problem is performed.
Notation and preliminaries
We begin with a few definitions, assumptions, and forms used, and conclude the section with a statement of the method to be studied. The variational formulation of the coupled problem (1)-(2) will be introduced later in this section with Eqs. (4)- (6) . In this formulation, we will need
, thus the problem is naturally stated in
where
We make several common assumptions about the finite element spaces. The first is the discrete inf-sup condition.
Assumption 2.1. The finite dimensional spaces X h ⊂ X and Q h ⊂ Q satisfy the discrete inf-sup condition
Examples of such spaces are common in the literature. We shall consider X 
The following assumption is known as the inverse estimate. For more detail on this assumption see John, Kaya, and Layton [9] and Kaya [10] . We also define the following three forms for notational efficiency.
Use of the superscript h on any of these forms indicates that any embedded forms also use the superscript h and that the velocity field to be used is the approximation u h . Thus, for instance we have
We now turn toward the approximation method to be studied. The variational formulation of the coupled problem (1)- (2) is found as usual by multiplying Eq. (1) by a test function v ∈ X, multiplying Eq. (2) by a test function w ∈ S and integrating over the spatial domain. The result is to find (u,
At this point, we make a coercivity assumption related to the absorbtion/reaction coefficient c from the convection diffusion problem and the porous media source term g.
This assumption is common in convection diffusion literature (in the form c − 1 2 ∇ · u). Practically speaking, in a porous media context, this assumption places a restriction on the magnitude of the source term g with regards to c, a term often related to rock compressibity, which is typically small. Without this assumption, the analysis in the paper still follows with the use of Grönwall's lemma, though it produces a further restriction on the time step.
Following the developments of Layton [11] and Heitmann [4] for the stationary and evolutionary convection diffusion problem respectively, the coupled method is to find u
Recall, this system is only coupled in one direction (porous media to convection diffusion), thus we begin by proving stability and error estimates of the Galerkin approximation u h (7), (8) of u (4), (5) for the Darcy's problem. (7) and q
Stability and error analysis of the Darcy problem
. This gives
and
Applying the inf-sup condition (3) and rearranging gives
It follows from Eqs. (10)- (12) that
Thus,
proving the stability of u h . Furthermore, Eq. (12) combined with the above gives
Convergence is established in the following theorem.
) be the Galerkin approximation of Eqs. (7), (8) . Then
Subtracting Eq. (8) from the above gives
Let I(u) be an arbitrary projection of u into X h . The error is then decomposed via 
Letting v h = ψ h in the inf-sup condition (3) and using the above equation gives
It follows then that
Now, by the triangle inequality
completing the bound on u − u h .
The bound on p − p h is completed in similar fashion. Subtracting Eqs. (4)- (7) gives
The error in the pressure approximation is decomposed via
Using the inf-sup condition on the left-hand side and the triangle inequality on the right-hand side gives
Dividing by β and v h H div which is greater than or equal to both ∇ · v
The triangle inequality on the decomposition gives p − p h η p + ψ h p , which applied to the above gives
Since I(p) is an arbitrary function in Q h we have
and combining Eq. (14) with Eq. (15) completes the proof. 2
The convection diffusion problem
The backward Euler method is used to approximate the time derivative. The subscript n is denotes the value of the function at the time level t n . Thus Eq. (6) is rewritten 
Stability of the method
Hölder's inequality is used for the last term on the right-hand side giving
It follows from the Sobolev embedding theorem that in either 2-d or 3-d, H 
Noting that ∇φ
, the triangle inequality insures the last term on the right-hand side is bounded by
For the first term we use the inverse inequality P ∇φ 
Rearranging, multiplying by 2 t, and then summing from i = 0 to n gives φ h n+1
Applying the discrete Grönwall's lemma and the hypothesis of the theorem completes the proof. 
In addition, the solution is bounded uniformly in epsilon.
Error estimates for the method
Let χ h ∈ S h be the equilibrium projection of φ ∈ S into S h satisfying
For the right-hand side we define the bilinear form B(·,·) given by
B(s, w) ≡ A(s, w) − (e u · ∇s, w), ∀s, w ∈ S,
where e u = u − u h . We next seek an a priori error estimate in the approximation of φ by the equilibrium projection χ h .
Lemma 4.1. Let u ∈ H 1 (Ω). B(·,·) is continuous. Furthermore if
Proof. We define and decompose the error as e = φ − χ 
Applying the Cauchy-Schwarz inequality and Green's theorem leads to
Following the proof of Heitmann [4] we obtain
Using the error decomposition the last term on the right-hand side can be bounded via
We proceed by separately bounding each of the terms on the right-hand side. For the first term, the regularity of φ and Young's inequality give
For the second term a combination of Hölder's inequality with Sobolev embeddings, followed by the triangle inequality, inverse inequality, and Young's inequality give
Finally, for the third term we obtain
The combination of inequalities (23)- (26) gives
For the bound on η 1, ,α we choose I(φ) to be the L 
Now applying the hypothesis (22), we obtain from Eqs. (27) and (28) the result
The next step is to find an a priori bound on the discrete time derivative.
Theorem 4.4. Let the assumptions of Theorem
Proof. The proof is analogous to that of Theorem 4.3. We introduce the bilinear form 
Subtracting these two equations yields
Decompose 
Following the proof of Theorem 4.3, we obtain
We proceed by bounding each of the last six terms on the right-hand side individually. For the first term, the regularity of u gives
The second term uses the regularity of φ yielding
The third term is bounded by using Hölder's inequality, followed by Sobolev embeddings and Young's inequality giving
The fourth term is bounded as follows
The fifth term uses the regularity of φ leading to
Finally, the sixth term is bounded by 
Applying the bounds of the inequalities (30)-(35) to the inequality (29) and using the triangle inequality gives Finally, summing over the time levels, multiplying by 2 t and using the discrete Grönwall's lemma completes the proof. 2
Conclusions
We have presented rigorous analysis of the coupling of the porous media problem with the evolutionary convection diffusion problem. In the case of the porous media problem we use the Galerkin approximation to obtain the velocity field, u h . The convection diffusion problem is then solved using this approximation in conjunction with the stabilization schemes presented by Layton [11] and Heitmann [4] . It is shown that the convergence rate is near optimal and independent of the diffusion coefficient, . Logical next steps in this direction would include coupling with the Navier-Stokes equations and computational experiments using this method.
